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1. Introduction

Differential equations with involution appear in mathematical models of ecology, biology, and population
dynamics (see, e.g, [1]-[5] and the reference given therein). In recent decades, one-dimensional partial
differential equations with involution have been investigated by many sciences in papers (see, e.g., [6]-[13] and
the references given therein). In the study [7], the mixed problem of one dimensional parabolic equation with
involution in x was investigated. Applying operator tools, the stability and coercive stability estimates in Holder
norms for the solution of this problem were established. In paper [6], a mixed problem for two dimensional
elliptic equation with involution was studied. This problem was reduced to the boundary value problem for the
abstract elliptic equation in the Hilbert space with a self-adjoint positive definite operator. Operator tools permit
us to obtain stability and coercive stability estimates in Holder norms, in one variable, for the solution. In paper
[8], a stable difference scheme for approximate solution of an elliptic equations with involution was constructed.
Theorem on stability and almost coercive stability and coercive stability of this difference scheme were
established. The theoretical statements for statements for the solution of this difference scheme were supported
by the results of the numerical experiment. In paper [10], a mixed problem of one dimensional hyperbolic
equation with the involution in x was investigated. The stability estimates in maximum norm in t for the solution
of this problem are established. In paper [13], the theory of the basis property of eigenfunctions of second order
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differential operators with involution was investigated, on this basis the Fourier method was justified for solving
direct and inverse problems for one dimentional parabolic equations with involution in x. The applied value of
these results in their importance in the study of several mathematical models containing partial differential
equations with involution in space variable. The existence and uniqueness of the solution of a mixed problem for
a parabolic equation with an involution in x in the form of a Fourier series were established. The classes of
solvability of ill-posed problems for a parabolic equation with involution in x were considered. The questions of
solvability of inverse problems for the heat equation and their fractional analogues were investigated. Solvability
of inverse problems for a parabolic equation with an involution in X was proved.

As it mention before we need the values of unknown function at previous time for solving delay differential
equations. There, there is impotant to study parabolic type differential equations with time involution. Noted that
partial differential equations with time involution are not investigated before as well.

Our goal in this paper is to investigate the solution of the initial value problem for the parabolic type
involutory partial differential equation

2 2
av;i,x) _ 0 ;zj(ctz,x) b d 1;(x2t,x) _ f(t, x)’
t,x €l = (—0,00), (1)
v(0,x) = @p(x),x € = (—0,00).

Here, f(t,x)(t,x € I) and @ (x)(x € I) are given smooth functions and |b| > 1. Applying Green’s function of
space operator generated by problem (1), we get formula for solution of this problem. In applications, the
theorem on the existence and uniqueness of bounded solution of the nonlinear problem with involution is
proved.

It is well-known that methods of finding Green’s function of operator with involution and without involution
are different. Therefore, we obtain formula of solution of problem (1) involving Green’s function of operator
with involution.

Problem (1) can be written as abstract initial value problem

dz—(tt) + Av(t) + bAv(—t) = f(t),t €],
(2)
v(0)=¢

in a Hilber space H = L, (I) of all square integrable functions ¥(x) defined on I equipped with the norm

bl = {17, 9> dx} "
Here, positive operator A defined by the formula
Au=—-u""(x)
with domain D(A) = {w:u(x),u" (x) € L,(D}, f(t) = f(t,x) and v(t) = v(t,x) are known and unknown
abstract functions with values in L, () and ¢ = ¢@(x) is the unknown element of L, (/). Now, we will obtain
the initial value problem for the second order differential equation equivalent to problem (2) under smoothness
conditions of solution.
Using initial condition and equation in problem (1), we get
v(0) = ,v'(0) = £(0) — (1 + b)Ag. 3)
Differentiating equation (1), we get

v (£) = bAV'(—t) — AV’ () + [ (0). (4)
Substituting —t for t into equation (1), we get
v'(—t) = —bAv(t) — Av(—t) + f(-1). 5)

Using these equations, we can eliminate v(—t) and v ’(—t) terms. Actually, using equations (4) and (5), we get
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v (t) = —b2A%v(t) — bA2v(—t) + bAf(—t) — AV'(t) + f' (0).
Using that and equation (1), we get
v (t) = —b2A%v(t) + A[v' (£) + Av(t) — f(£)] + BAF(=t) — Av'(t) + ' (t)
or
v (£) + (b% — 1)A%v(t) = —Af(t) + bAf(—t) + ' (t). (6)
So, we get initial value problem (3) and (6) for the second order differential equation in a Hilbert H = L, (I). It
is easy to see that

L0 4 02— 1)A20(0) = (& + VBT = 14) (& - iWBT = 14) v (0).

dt? dt
Therefore, problem (3) and (6) can be written as abstract initial value problem

r%v(t) + Vb2 — 1iAv(t) = u(t), v(0) = ¢,

%u(t) — Vb2 — TiAu(t) = F(t),
J (7N
F(t) = —Af(t) + bAf(—t) + f'(t), t €1,

\u(0) = f(0) — (1 + b)Ap + iVb? — 14¢p
for the system of first order abstract differential equations in a Hilbert H = L, (I). Integrating these equations,
we can write

[U(t) — e—i\/bz—ltA(p + fot e_iVbZ_l(t_y)Au(y)dy,

{u(t) = ePP-1tA[£(0) — (1 + b)Ag + iVb? — 1A¢] (8)

l+ Jy NP4 Af (s) + BAf(=s) + f'(s)]ds.
Thus,
v(t) = e P14 [T e~ tPT1E=20Agy [ £(0) — (1 + b)Ag + iVh? — 1Ag)]

+ Jy e7PTTEIA ¥ o WPTIO-IA[—AF(5) + bAF(~s) + f'()] dsdy.
Making the change of the order of integration and integration by parts, we can write
1( ibe—1 _iVbZ-1 1+b Ny =y —ivbZ—1
v(t) =E(el b2=1tA 4 ,—iVb? 1tA)(p_ (el b?=1tA _ ,—iVb? 1tA)

2vb2-1 ¢
1 t ( iWbZ i(t— —iVBZ—1(t—
e [y (NPT o mPEEIE94) [ £() + bf (=5)]ds ©)
_%fot (ei\/bz—l(t—s)A + e—i\/bz—l(t—s)A)f(s)ds_
2. Application
We consider the initial value problem for the nonlinear parabolic type involutory partial differential equation
v(tx) 9%v(tx) %v(-tx) _
P F L v ACEACE
t,x € = (—o0,00), (10)

v(0,x) = p(x),x € I = (—0,0).

341



JZS-A Volume 22, Issue 2, December 2020

Here, f(t,x,v(t,x))(t,x € I) and @(x)(x € ) are given smooth functions and |b| > 1.We are intersted in
studying the existence and uniqueness of bounded solution of problem (10) on I X I. In general case of b the
solution of (10) is not bounded on I X [I.
Theorem 2.1. Assume that |[b| > 1 and f is continuous and bounded function on the region

P = {(t, x,v):t,x €L |lv—oll,mn < M}.
Suppose that f satisfies a Lipschitz condition on P with respect to its third argument, that is, there is a constant [
such that for (¢, x,u), (t,y,v) € P

f(tx,w) = £ (& x0),0) < Uu = vl (11

Then, initial value problem (10) has a unique solution v € C(I X I, L,(I)). This function v is the limit of the
iterative sequence {v, }y=, defined by the recursive Picard iteration formula

Ovn(tx) _ 0%on(tx) _, 0Pvn(-t)
at - 0x2 - b Ox2 = f(t, X, vn—l(t, x)),
b €1 = (oo, c0), (12)

v,(0,x) = p(x),x €] = (—o,0).n =1,2,...,
where v, (t, x) is an arbitrary continuously differentiable function.
Proof. Problem (10) can be written as abstract initial value problem

L0+ Av(e) + bAv(—t) = f(t,v(D) L €1,
(13)
v(0)=¢
in a Hilber space H = L, (I). Applying formula (9), we can write problem (13) in the equivalent integral form
v(t) = Tv(t). Here

_ 1/ ivbZ=1ta —ivb2=1tA __1+b ivb2—1tA _ ,—iVb2—1tA
Tv(e) =3 (e te )o— (e e )o

e 1 (0PI o mVDTIE94) [ £ (5, v(s)) + bf (=5, v(s))]ds

—%fot (eiM(t—S)A n e—i\/ﬁ(t—S)A)f(s,v(s))dS.

Note that intergal form is a Volterra type integro-differential equation of the second kind. Therefore, applying
the fixed-point theorem, we can complete the proof of Theorem 2.1.

Applying this approach we can obtain the existence and uniqueness of bounded solution of the initial
boundary value problem

t
( wtx)  92v(tx) 9%v(t-"2x

at oz P =[x vt X)),
t,x €l = (—o0, ),
to
tv (7,)() =), x €1 = (—o0,0)
for the involutory nonlinear parabolic type partial differential equation on [ X I.

3. Conclusion

In the present paper, the initial value problem for the parabolic type involutory partial differential equation is
investigated. Applying Green’s function of space operator generated by this problem with time involution, we
get formula for solution of this problem. In applications, the theorem on the existence and uniqueness of
bounded solution of nonlinear problem with time involutionis was established. Moreover, applying the result of
the monograph [14], the absolute stable difference schemes for the numerical solution of the initial value
problem (10) for parabolic type involutory nonlinear partial differential equations can be constructed and
investigated.
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