
JZS-A Volume 22, Issue 2, December 2020  
 

339 

 

 

On the Boundedness of Solution of the Parabolic 

Differential Equation with Time Involution 
 

 Allaberen Ashyralyev
1, 2, 3

 and Amer Ahmed
*1

 

 
1 Department of Mathematics, Near East University, Nicosia, Mersin 10, Turkey. 

2 Peoples’ Friendship University of Russia (RUDN University), 6 Miklukho-Maklaya St,Moscow 117198, Russian 

Federation. 

3 Institute of Mathematics and Mathematical Modeling, 050010, Almaty,Kazakhstan. 

*Corresponding author’s e-mail: amermzory81@gmail.com and allaberen.ashyralyev@neu.edu.tr 

Article info Abstract 

Original: 7 August 2020 

Revised: 14 septembre 

2020 

Accepted: 26 September 

2020 

Published online: 20 

December 2020   

              

 

Key Words: Hilbert 

space, Boundedness, 

Involution, Parabolic 

equation. 

     In the present paper, the initial value problem for the parabolic type involutory partial 

differential equation is investigated. Applying Green’s function of space operator generated 

by the differential problem, we get formula for solution of this problem. The theorem on 

the existence and uniqueness of bounded solution of the nonlinear problem with involution 

is established. 

  

 

1. Introduction 
     

     Differential equations with involution appear in mathematical models of ecology, biology, and population 

dynamics (see, e.g, [1]-[5] and the reference given therein). In recent decades, one-dimensional partial 

differential equations with involution have been investigated by many sciences in papers (see, e.g., [6]-[13] and 

the references given therein). In the study [7], the mixed problem of one dimensional parabolic equation with 

involution in � was investigated. Applying operator tools, the stability and coercive stability estimates in Hölder 

norms for the solution of this problem were established. In paper [6], a mixed problem for two dimensional 

elliptic equation with involution was studied. This problem was reduced to the boundary value problem for the 

abstract elliptic equation in the Hilbert space with a self-adjoint positive definite operator. Operator tools permit 

us to obtain stability and coercive stability estimates in Hölder norms, in one variable, for the solution.  In paper 

[8], a stable difference scheme for approximate solution of an elliptic equations with involution was constructed. 

Theorem on stability and almost coercive stability and coercive stability of this difference scheme were 

established. The theoretical statements for statements for the solution of this difference scheme were supported 

by the results of the numerical experiment. In paper [10], a mixed problem of one dimensional hyperbolic 

equation with the involution in � was investigated. The stability estimates in maximum norm in � for the solution 

of this problem are established. In paper [13], the theory of the basis property of eigenfunctions of second order 
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differential operators with involution was investigated, on this basis the Fourier method was justified for solving 

direct and inverse problems for one dimentional parabolic equations with involution in �. The applied value of 

these results in their importance in the study of several mathematical models containing partial differential 

equations with involution in space variable. The existence and uniqueness of the solution of a mixed problem for 

a parabolic equation with an involution in � in the form of a Fourier series were established. The classes of 

solvability of ill-posed problems for a parabolic equation with involution in � were considered. The questions of 

solvability of inverse problems for the heat equation and their fractional analogues were investigated. Solvability 

of inverse problems for a parabolic equation with an involution in 		� was proved. 

     As it mention before we need the values of unknown function at previous time for solving delay differential 

equations. There, there is impotant to study parabolic type differential equations with time involution. Noted that 

partial differential equations with time involution are not investigated before as well. 

     Our goal in this paper is to investigate the solution of the initial value problem for the parabolic type 

involutory partial differential equation  
 

 ���(�,
)�� − �
�(�,
)�

 − � �
�(��,
)�

 = �(�, �),�, � ∈ � = (−∞,∞),�(0, �) = �(�), � ∈ � = (−∞,∞).  (1) 

 

Here, �(�, �)(�, � ∈ �) and �(�)(� ∈ �) are given smooth functions and |�| > 1. Applying Green’s function of 

space operator generated by problem (1), we get formula for solution of this problem. In applications, the 

theorem on the existence and uniqueness of bounded solution of the nonlinear problem with involution is 

proved. 

     It is well-known that methods of finding Green’s function of operator with involution and without involution 

are different. Therefore, we obtain formula of solution of problem (1) involving Green’s function of operator 

with involution. 

Problem (1) can be written as abstract initial value problem  

 ���(�)�� + ��(�) + ���(−�) = �(�), � ∈ �,
�(0) = �  (2) 

 in a Hilber space � =  !(�) of all square integrable functions "(�) defined on � equipped with the norm  

 ‖"‖$
(%) = &' 	(�("!(�))�*+/!. 
Here, positive operator � defined by the formula  

 �- = −-..(�) 
with domain /(�) = 0-: -(�), -..(�) ∈  !(�)2, �(�) = �(�, �)  and �(�) = �(�, �)  are known and unknown 

abstract functions with values in  !(�) and � = �(�)  is the unknown element of  !(�).  Now, we will obtain 

the initial value problem for the second order differential equation equivalent to problem (2) under smoothness 

conditions of solution. 

Using initial condition and equation in problem (1), we get 

 �(0) = �, �.(0) = �(0) − (1 + �)��. (3) 

 Differentiating equation (1), we get 
    

 � 	33(�) = ���.(−�) − ��.(�) + �.(�). (4) 

 Substituting −� for � into equation (1), we get  

 �.(−�) = −���(�) − ��(−�) + �(−�). (5) 

 Using these equations, we can eliminate �(−�) and � 	3(−�) terms. Actually, using equations (4) and (5), we get  
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 � 	33(�) = −�!�!�(�) − ��!�(−�) + ���(−�) − ��.(�) + �.(�). 
Using that and equation (1), we get 

 � 	33(�) = −�!�!�(�) + �4�.(�) + ��(�) − �(�)5 + ���(−�) − ��.(�) + �.(�) 
or 

 � 	33(�) + (�! − 1)�!�(�) = −��(�) + ���(−�) + �.(�). (6) 

 So, we get initial value problem (3) and (6) for the second order differential equation in a Hilbert � =  !(�). It 
is easy to see that 

 
�
�(�)��
 + (�! − 1)�!�(�) = 6 ��� + 7√�! − 1�96 ��� − 7√�! − 1�9�(�). 

Therefore, problem (3) and (6) can be written as abstract initial value problem 

 

:;;
;<
;;;
= ��� �(�) + √�! − 17��(�) = -(�), �(0) = �,

��� -(�) − √�! − 17�-(�) = >(�),
>(�) = −��(�) + ���(−�) + �.(�), � ∈ �,
-(0) = �(0) − (1 + �)�� + 7√�! − 1��

 (7) 

 for the system of first order abstract differential equations in a Hilbert � =  !(�). Integrating these equations, 

we can write 

 

:;;
<;
;=�(�) = ?�@√A
�+�B� + ' 	�C ?�@√A
�+(��D)B-(E))E,
-(�) = ?@√A
�+�BF�(0) − (1 + �)�� + 7√�! − 1��G
+' 	�C ?@√A
�+(��H)B4−��(I) + ���(−I) + �.(I)5)I.

 (8) 

 Thus, 

 �(�) = ?�@√A
�+�B� + ' 	�C ?�@√A
�+(��!D)B)EF�(0) − (1 + �)�� + 7√�! − 1��G 
 

 +' 	�C ?�@√A
�+(��D)B ' 	DC ?@√A
�+(D�H)B4−��(I) + ���(−I) + �.(I)5)I)E. 
Making the change of the order of integration and integration by parts, we can write 

 �(�) = +! 6?@√A
�+�B + ?�@√A
�+�B9� − +JA!√A
�+ 6?@√A
�+�B − ?�@√A
�+�B9� 

 

 + +!@√A
�+' 	�C 6?@√A
�+(��H)B − ?�@√A
�+(��H)B9 4−�(I) + ��(−I)5)I (9) 

 

 − +!' 	�C 6?@√A
�+(��H)B + ?�@√A
�+(��H)B9 �(I))I. 
 

 2. Application  

     We consider the initial value problem for the nonlinear parabolic type involutory partial differential equation 
  

 ���(�,
)�� − �
�(�,
)�

 − � �
�(��,
)�

 = �(�, �, �(�, �)),�, � ∈ � = (−∞,∞),�(0, �) = �(�), � ∈ � = (−∞,∞).  (10) 
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Here, �(�, �, �(�, �))(�, � ∈ �)  and �(�)(� ∈ �)  are given smooth functions and |�| > 1.We are intersted in 

studying  the existence and uniqueness of bounded solution of problem (10) on � × �. In general case of � the 

solution of (10) is not bounded on � × �. 
Theorem 2.1.  Assume that |�| > 1 and �  is continuous and bounded function on the region 

 L = &(�, �, �): �, � ∈ �, ‖� − �‖$
(%) < N*. 
Suppose that � satisfies a Lipschitz condition on L with respect to its third argument, that is, there is a constant O 
such that for (�, �, -), (�, E, �) ∈ L 

 ‖�(�, �, -) − �(�, �, �)‖$
(%) ≤ O‖- − �‖$
(%). (11) 

 Then, initial value problem (10) has a unique solution � ∈ Q(� × �,  !(�)). This function � is the limit of the 

iterative sequence 0�R2RSC(  defined by the recursive Picard iteration formula  

 ���T(�,
)�� − �
�T(�,
)�

 − � �
�T(��,
)�

 = �(�, �, �R�+(�, �)),�, � ∈ � = (−∞,∞),�R(0, �) = �(�), � ∈ � = (−∞,∞). U = 1,2, . . . ,  (12) 

 where �C(�, �) is an arbitrary continuously differentiable function. 

Proof. Problem (10) can be written as abstract initial value problem  

 ���(�)�� + ��(�) + ���(−�) = �(�, �(�)), � ∈ �,
�(0) = �  (13) 

 in a Hilber space � =  !(�). Applying formula (9), we can write problem (13) in the equivalent integral form �(�) = W�(�). Here 

 W�(�) = +! 6?@√A
�+�B + ?�@√A
�+�B9� − +JA!√A
�+ 6?@√A
�+�B − ?�@√A
�+�B9� 

 

 + +!@√A
�+' 	�C 6?@√A
�+(��H)B − ?�@√A
�+(��H)B9 4−�(I, �(I)) + ��(−I, �(I))5)I 

 

 − +!' 	�C 6?@√A
�+(��H)B + ?�@√A
�+(��H)B9 �(I, �(I)))I. 
Note that intergal form is a Volterra type integro-differential equation of the second kind. Therefore, applying 

the fixed-point theorem, we can complete the proof of Theorem 2.1. 

     Applying this approach we can obtain  the existence and uniqueness of bounded solution of the initial 

boundary value problem  

 

:;<
;=��(�,
)�� − �
�(�,
)�

 − � �
�6��XY
 ,
9�

 = �(�, �, �(�, �)),�, � ∈ � = (−∞,∞),� 6�Y! , �9 = �(�), � ∈ � = (−∞,∞)  

for the involutory nonlinear parabolic type partial differential equation on � × �.  
3. Conclusion  

     In the present paper, the initial value problem for the parabolic type involutory partial differential equation is 

investigated. Applying Green’s function of space operator generated by this problem with time involution, we 

get formula for solution of this problem. In applications, the theorem on the existence and uniqueness of 

bounded solution of nonlinear problem with time involutionis was established. Moreover, applying the result of 

the monograph [14], the absolute stable difference schemes for the numerical solution of the initial value 

problem (10) for parabolic type involutory nonlinear partial differential equations can be constructed and 

investigated. 
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